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A NEW EXAMPLE OF A COMPACT ERP G2-STRUCTURE
INES KATH AND JORGE LAURET
Abstract. We provide the second known example of an extremally Ricci pinched closed
G2-structure on a compact 7-manifold, by finding a lattice in the only unimodular solv-
able Lie group admitting a left-invariant G2-structure. Furthermore, the Laplacian
coflow and its solitons are studied on a 6-parameter family of left-invariant coclosed
G2-structures on this Lie group. In this way, we obtain a 4-parameter subfamily of
expanding solitons. The family is locally pairwise non-equivalent.
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1. Introduction
A G2-structure on a 7-dimensional differentiable manifold M can be identified with a
positive (or definite) differential 3-form ϕ onM , which naturally determines a Riemannian
metric g on M and an orientation (see Section 4). Closed G2-structures (i.e., dϕ = 0)
are very natural candidates to be deformed via the Laplacian flow ∂∂tϕ(t) = ∆ϕ(t) toward
torsion-free G2-structures (i.e., dϕ = 0 and d ∗ ϕ = 0), which are the ones producing
Ricci flat Riemannian metrics with holonomy contained in G2 (see the survey [Lo] for
an account of recent advances). On the other hand, closed G2-structures are intended to
play the same role as almost-Ka¨hler structures in almost-hermitian geometry, so they have
been extensively studied from different points of view (see e.g. [B, CI1, CI2, FFR, LoW,
L4, PR]).
In the search for distinguished closed G2-structures on a given compact manifold M ,
Bryant discovered the following remarkable curvature estimate (see [B, Corollary 3]):
(1)
∫
M
scal2 ∗1 ≤ 3
∫
M
|Ric |2 ∗ 1,
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where scal and Ric are respectively the scalar and Ricci curvature of (M,g), and called a
closed G2-structure extremally Ricci-pinched (ERP for short) when equality holds in (1)
(see [B, Remark 13]). Thus ERP structures are in some sense the closest you can get
to Einstein among closed G2-structures. Bryant also proved that ERP G2-structures are
characterized by,
(2) dτ = 16 |τ |2ϕ+ 16 ∗ (τ ∧ τ),
where τ := − ∗ d ∗ ϕ is the torsion 2-form of ϕ, and that in the compact case, this is
indeed the only way in which dτ can quadratically depend on τ (see [B, (4.66)]). A closed
G2-structure on any 7-manifold (not necessarily compact) such that (2) holds is also called
ERP.
The ERP condition turned out to be really strong. A first example was provided
by Bryant in [B] on the homogeneous space SL2(C) ⋉ C
2/SU(2). More recently, the
classification list of all left-invariant ERP G2-structures on Lie groups up to equivalence
and scaling was obtained in [LN1, LN2], which consists of only five simply connected
completely solvable Lie groups (in particular all diffeomorphic to R7), each one admitting
a single structure (one of them is equivalent to Bryant’s example). These five structures
are also steady Laplacian solitons: the Laplacian flow solution starting at ϕ is simply given
by ϕ(t) = f(t)∗ϕ, for some f(t) ∈ Diff(M), t ∈ R (the set of ERP G2-structures is known
to be invariant under the Laplacian flow and the solutions are always eternal, see [FR]).
The only other known ERP G2-structures are many non-homogeneous examples found
in [Ba] and a continuous family of left-invariant structures on Lie groups given in [FR],
which are all equivalent to Bryant’s example but the Lie groups involved are pairwise non-
isomorphic (these are precisely the structures to be added in order to obtain a classification
up to equivariant equivalence, see [LN2]).
Remarkably, the only known compact example in the literature so far is the quotient of
Bryant’s homogeneous example SL2(C)⋉C
2/SU(2) by a cocompact discrete subgroup of
SL2(C)⋉C
2, giving rise to a locally homogeneous manifold. It was conjectured by Cleyton
and Ivanov in the Introduction of [CI2] that this is the only compact ERP structure
up to local equivalence. The main result of this paper is to disprove the conjecture by
providing a new example of an ERP G2-structure on a compact manifold. We construct
a lattice (i.e., a discrete and cocompact subgroup) in one of the five solvable Lie groups
appearing in the classification list given in [LN2], which will be denoted by GJ from now
on. Such example was originally given in [L3, Example 4.7] and it is the only one in
the list which is unimodular, so the only one with possibilities to admit a lattice. The
alternative presentation of Bryant’s example as a left-invariant G2-structure on a solvable
Lie group S given in [CI2, Remark 6.7] (see also [L3, Examples 4.13, 4.10]), allows us to
deduce that it is not equivalent to our example on GJ , as S and GJ are non-isomorphic
simply connected completely solvable Lie groups (see [A] or Section 4.1). In particular,
the corresponding compact quotients cannot be locally equivalent.
The Lie algebra of GJ is given by gJ = a ⋉ R
4, where a ⊂ sl4(R) is the subspace of
all diagonal matrices. Note that gJ is isomorphic to any semidirect product of the form
a ⋉ n, where dim n = 4, [n, n] = 0 and a is any maximal R-split torus of sl(n) (cf. [LN1,
Example 5.4]). The lattices Γ ⊂ GJ we found are of the form
Γ := exp(ZA+ ZB + ZC)⋉ φ(Z4),
where {A,B,C} is a basis of a such that eA, eB and eC leave invariant the lattice φ(Z4)
of R4 for a suitable φ ∈ GL4(R). The maps eA, eB and eC and the automorphism φ are
constructed as follows. We take a totally real quartic number field K and consider the ring
OK of integers. Clearly, each unit in OK acts by multiplication on OK . With respect to a
basis, this action is given by an integer matrix, and we can choose three multiplicatively
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independent units. Since the units commute, also the corresponding integer matrices
commute and so they are simultaneously diagonalisable over R by a matrix φ. The diagonal
matrices that we obtain in this way can be used as eA, eB and eC . Since the integer matrices
we found leave invariant Z4, the corresponding diagonalised matrices leave invariant φ(Z4).
The multiplicatively independency of the chosen units will ensure, that Γ is indeed a lattice.
This will be explained in more detail in Section 3. A first explicit example can be found
in Section 2.
In Section 4, we study a 9-parameter family of left-invariant G2-structures on the Lie
group GJ . A very particular feature is that each structure in the family is rigid, in the sense
that it has a pairwise non-equivalent open neighborhood. Note that all these structures
descend to the compact manifoldM = GJ/Γ, where Γ is any of the lattices we have found,
to become locally homogeneous G2-structures. We use results in [N1] to provide formulas
for the torsion forms and Laplacians, obtaining that all these G2-structures belong to the
class W2⊕W3 (i.e., τ0 = 0 and τ1 = 0), which from the spinorial viewpoint it is equivalent
to have a harmonic associated unit spinor (see [ACFH]). Finally, the Laplacian coflow and
its solitons are studied on the 6-parameter subfamily of coclosed G2-structures. We prove
long-time existence among two different subfamilies and obtain a 4-parameter family of
expanding Laplacian coflow solitons.
Acknowledgements. We thank Alberto Raffero for very helpful comments.
2. Explicit example of a lattice
We exhibit in this section an explicit example of a lattice in the simply connected
solvable Lie group GJ with Lie algebra gJ = a ⋉ R
4, where a is the subspace of all
diagonal matrices in sl4(R). Note that GJ = exp(a) ⋉R
4.
We consider the matrices
(3) A1 :=
[
0 0 −1 −1
0 0 −4 −5
1 0 4 0
0 1 1 5
]
, A2 :=
[ 3 −1 −1 −1
−4 −1 −5 −5
0 0 3 −1
1 1 1 4
]
, A3 :=
[
4 1 2 3
3 8 9 14
−1 −1 0 −3
−1 −2 −3 −3
]
,
which have determinant one and so they all belong to SL4(Z). They also have the same
spectrum, consisting of four different positive real numbers {u21, . . . , u24}, where
(4) u1 := 2 cos
(
2pi 115
)
, u2 := 2 cos
(
2pi 215
)
, u3 := 2 cos
(
2pi 415
)
, u4 := 2 cos
(
2pi 715
)
.
Moreover, it is straightforward to check that they pairwise commute and simultaneously
diagonalize as follows:
φA1φ
−1 = Diag(u21, u
2
2, u
2
3, u
2
4), φA2φ
−1 = Diag(u22, u
2
3, u
2
4, u
2
1),
φA3φ
−1 = Diag(u23, u
2
4, u
2
1, u
2
2),
where φ equals the Vandermonde matrix V (u1, u2, u3, u4), that is,
φ =

 1 u1 u
2
1
u3
1
1 u2 u22 u
3
2
1 u3 u23 u
3
3
1 u4 u24 u
3
4

 .
The linear maps φAjφ
−1, j = 1, 2, 3, generate a lattice Λ of exp(a). Since they leave
invariant the subset φ(Z4) ⊂ R4, the set Γ := Λ ⋉ φ(Z4) is a subgroup of GJ . Moreover,
Γ is a lattice in GJ since Λ ⊂ exp(a) and φ(Z4) ⊂ R4 are both discrete and cocompact.
It was proved in [L3, Example 4.7] that if we call {e3, . . . , e6} the standard basis of R4
and consider the basis of a given by
e7 := Diag(1, 1,−1,−1), e1 := Diag(1,−1, 1,−1), e2 := Diag(1,−1,−1, 1),
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then the left-invariant G2-structure on GJ determined by the positive 3-form
ϕ = e127 + e347 + e567 + e135 − e146 − e236 − e245,
is ERP. Thus ϕ also defines an ERP G2-structure on the compact manifold M = GJ/Γ
(see Example 4.12 for more information).
3. Algebraic number theory and lattices
In this section we want to explain the idea behind the lattice described in Section 2 and
a way to get more lattices.
Let T be the identity component of an R-split torus in SL4(R) and define GT := T ⋉R
4.
In this notation, GJ = GT 0 , where T
0 := exp(a). Then GT is isomorphic to GJ for each
such T . Indeed, choose φ ∈ GL4(R) such that φTφ−1 = T 0. Then we can define an
isomorphism by
(5) GT −→ GJ , (A, b) 7−→ (φAφ−1, φ(b)).
In the following, we will construct several such tori and for each torus T a lattice in GT . Of
course, each such lattice is mapped to a lattice in GJ by the isomorphism defined in (12).
Let us take an arbitrary totally real quartic number field K := Q(u). Let
p(t) = t4 + a3t
3 + · · ·+ a0 ∈ Q[t]
be the minimal polynomial of u. We consider K as a vector space over Q. Multiplication
by u is an invertible linear map on K. Let M ∈ GL4(Q) be the matrix of this map with
respect to the basis 1, u, u2, u3 of the vector space K (over Q). Then M is the companion
matrix of p, that is,
(6) M =
[
0 0 0 −a0
1 0 0 −a1
0 1 0 −a2
0 0 1 −a3
]
,
and the eigenvalues of M are the roots of p. In particular, M is diagonalisable and all its
eigenvalues are real. The ring OK of integers in K is a free Z-module of rank four. Since
K is totally real, the group of units in OK has rank three by Dirichlet’s unit theorem.
Hence one can choose three multiplicatively independent units. These units act as com-
muting automorphisms on OK . In particular, these actions are given by integer matrices
A1, A2, A3 ∈ GL4(Z) with respect to an integral basis. The eigenvalues of these matri-
ces are real, since the units are linear combinations of 1, u, u2, u3, thus the corresponding
matrices are linear combinations of I4,M,M
2,M3 and these matrices are simultaneously
diagonalisable with real eigenvalues. In particular, T˜ := spanR{I4,M,M2,M3} ∩GL4(R)
is an R-split torus. Let T be its identity component. The linear maps A1, A2, A3 generate
a lattice in T˜ , and if Λ is its intersection with T , then Γ := Λ⋉ Z4 is a lattice in GT .
Definition 3.1. Two lattices Γ1 and Γ2 in a Lie group G are called commensurable if
there exist finite index subgroups Γ′1 ⊂ Γ1, Γ′2 ⊂ Γ2 and an automorphism Φ of G such
that Φ(Γ′1) = Γ
′
2.
Lemma 3.2. Let Γj = Λj ⋉ Z
4 ⊂ GTj , j = 1, 2, be lattices as constructed above starting
from totally real quartic fields Q(uj) and let pj be the minimal polynomial of uj . If Γ1 ⊂
GT1
∼= GJ and Γ2 ⊂ GT2 ∼= GJ are commensurable, then the splitting fields of p1 and p2
are isomorphic.
Proof. Suppose that the images of Γ1 and Γ2 in GJ are commensurable. By definition,
there are finite index subgroups Γ′1 ⊂ Γ1, Γ′2 ⊂ Γ2 and an isomorphism Φ : GT1 → GT2
such that Φ(Γ′1) = Γ
′
2.
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Since Φ : GT1 → GT2 is an isomorphism, Φ maps R4 to R4, thus it is of the form
Φ : GT1 = T1 ⋉R
4 −→ GT2 = T2 ⋉R4
(A, 0) 7−→ (φ1(A), φ2(A))
(I4, b) 7−→ (IA, φ(b)).
Moreover, φ1(A) = φAφ
−1. In particular, we have T2 = φT1φ−1.
Since Φ maps Γ′1 to Γ
′
2, the restriction Φ|R4 = φ : R4 → R4 maps the finite index
subgroup Γ′1∩R4 of Z4 to Γ′2∩R4 ⊂ Z4. Consequently, φ belongs to GL4(Q). We consider
the tori (Tj)Q := Tj ∩ SL4(Q), j = 1, 2. Since φ has rational entries, (T2)Q = φ(T1)Qφ−1
holds. The splitting field of (Tj)Q is by definition the smallest field extension Lj of Q such
that (Tj)Q splits over Lj. Since (T1)Q and (T2)Q are conjugate in GL4(Q), their splitting
fields must be isomorphic. Let Mj ∈ GL4(Q) denote the linear maps corresponding to uj,
j = 1, 2. Since
(Tj)Q = Tj ∩ spanQ{I4,Mj ,M2j ,M3j }
and the eigenvalues of Mj are the roots of the minimal polynomial pj ∈ Q[t] of uj, the
splitting field Lj of (Tj)Q equals the splitting field of pj. Thus the splitting fields of p1
and p2 are isomorphic. 
Example 3.3. We now explain how the example given in Section 2 arises from the construc-
tion explained above. We consider the irreducible polynomial p(t) := t4−t3−4t2+4t+1 ∈
Q[t], whose roots are the numbers u1, u2, u3, u4 that were defined by (4). Then u2 = u
2
1−2,
u3 = u
2
2 − 2, u4 = (u1u2u3)−1. In particular, all roots belong to K := Q(u1). Since
u1, u2, u3, u4 are units in OK , they act as commuting automorphisms on OK . The units
u1, u2, u3 are multiplicatively independent, see below. Since we want to construct auto-
morphisms with positive eigenvalues, we choose the units u21, u
2
2, u
2
3, which of course are
also independent. The matrices A1, A2, A3 in (7) are exactly the matrices corresponding
to multiplication by these units with respect to the integral basis 1, u1, u
2
1, u
3
1. They can
easily be computed using that the multiplication by u1 is given by the companion matrix
of p, see (6), and using the identities u2 = u
2
1 − 2 and u3 = u22 − 2. Let us denote the
matrices corresponding to u1, u2 and u3 by B1, B2 and B3, respectively. The eigenval-
ues of each Bj, j = 1, 2, 3, are u1, . . . , u4. Indeed, by construction p(Bj) = 0, thus the
minimal polynomial of Bj divides p. Since p is irreducible over Q, this implies that p is
the characteristic polynomial of Bj . This shows that the spectrum of each Aj, j = 1, 2, 3
equals {u21, . . . , u24} as claimed above. The matrix B1 is the companion matrix of p, thus
it is diagonalised by the Vandermonde matrix φ = V (u1, u2, u3, u4). Since A1, A2 and A3
are polynomials in B1, they can all be simultaneously diagonalised by φ.
We remark that Q(u1) is the splitting field of p. The Galois group of p is cyclic of order
four and generated by a map that acts on the roots by u1 7→ u2, u2 7→ u3, u3 7→ u4,
u4 7→ u1.
Proof of independency. We want to show that the units u1, u2 and u3 are indeed multi-
plicatively independent. Assume that uk1u
l
2u
m
3 = 1 for k, l,m ∈ Z. Using the action of the
Galois group and the identity u1u2u3u4 = 1, we obtain the following system of equations
uk1u
l
2u
m
3 = 1, u
−m
1 u
k−m
2 u
l−m
3 = 1, u
m−l
1 u
−l
2 u
k−l
3 = 1.
The first and the third equation give (u1u3)
k+m−l = 1, thus l = k+m. Inserting this into
the first two equations, this yields
(u1u2)
k(u2u3)
m = 1, (u1u2)
−m(u2u3)
k = 1.
Combining these equations, we obtain (u1u2)
k2+m2 = 1, which gives k = m = 0, thus also
l = 0. 
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In what follows, by also applying the above technique, we give a new example of a
lattice of the solvable Lie group GJ = exp(a) ⋉ R
4 considered in Section 2, which is not
commensurable to Example 3.3.
Example 3.4. The matrices
(7) A1 :=
[
0 0 −1 0
0 0 0 −1
1 0 4 0
0 1 0 4
]
, A2 :=
[
1 0 −4 −4
4 1 0 −4
4 4 17 16
0 4 4 17
]
, A3 :=
[−5 −10 −20 −38
−2 −5 −10 −20
20 38 75 142
10 20 38 75
]
have determinant one. We put
(8) u1 := u :=
√
2 +
√
3, u2 = u
−1 =
√
2−
√
3, u3 = −u, u4 = −u−1.
The Vandermonde matrix φ := V (u1, u2, u3, u4) simultaneously diagonalises A1, A2 and
A3. More exactly,
φA1φ
−1 =M2, φA2φ
−1 = (1 + 2M)2, φA2φ
−1 = (1 +M − 2M2 −M3)2
for M := Diag(u1, u2, u3, u4). The linear maps φAjφ
−1, j = 1, 2, 3, generate a lattice
Λ of exp(a), see below. Moreover, they leave invariant the subset φ(Z4) ⊂ R4. Thus
Γ := Λ⋉ φ(Z4) is a lattice in GJ .
The numbers u1, . . . , u4 defined in (8) are the roots of p(t) = t
4 − 4t2 + 1. We choose
the units (u)2, (1 + 2u)2 and (1 + u − 2u2 − u3)2. These are multiplicatively indepen-
dent, see below. The matrices A1, A2, A3 correspond to the multiplication by these units
with respect to the integral basis 1, u, u2, u3. Consequently, as in the previous example,
they can all expressed as polynomials in the companion matrix of p. Thus they can be
simultaneously diagonalised by the Vandermonde matrix φ.
Here, Q(u) is the splitting field of p. Its Galois group of p is isomorphic to the Klein
four-group. It is generated by the map σ1 that maps u to u
−1 and the map σ2 that maps
u to −u.
Proof of independency. We prove that the units u, 1 + 2u and 1 + u − 2u2 − u3 are
multiplicatively independent, thus also their squares are independent. Assume that
(9) uk(1 + 2u)l(1 + u− 2u2 − u3)m = 1
for some k, l,m ∈ Z. Applying the elements σ1 and σ2 of the Galois group, we obtain
u−k(1 + 2u−1)l(1 + u−1 − 2u−2 − u−3)m = 1,(10)
(−u)k(1− 2u)l(1− u− 2u2 + u3)m = 1.(11)
Since (1 + u−1 − 2u−2 − u−3)(1− u− 2u2 + u3) = −1, the multiplication of the identities
(10) and (11) gives
(−1)k+m(1 + 2u−1)l(1− 2u)l = (−1)k+m(−3 + 6u− 2u3)l = 1,
hence l = 0. Now we multiply the identities (10) and (11), which gives
(1 + u− 2u2 − u3)m(1 + u−1 − 2u−2 − u−3)m = (−5− 10u+ 2u3)m = 1.
This implies m = 0, thus also k = 0. 
Remark 3.5. The lattices that we constructed in Example 3.3 and in Example 3.4 are not
commensurable. This follows from Lemma 3.2 and the fact that the Galois groups of the
used polynomials are not isomorphic as we have seen above.
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4. G2-geometry on the group GJ
We study in this section a large family of G2-structures on the Lie group GJ =
exp(a) ⋉ R4 considered in the above sections. Recall that any left-invariant G2-structure
on GJ also defines a G2-structure on the compact 7-manifold M = GJ/Γ which is locally
homogeneuos, where Γ is any of the lattices of GJ exhibited in Sections 2 and 3.
A differential 3-form ϕ on a 7-dimensional differentiable manifold M is called a G2-
structure when it is positive (or definite), in the sense that ϕ naturally determines a
Riemannian metric g on M and an orientation by
g(X,Y ) vol =
1
6
ιX(ϕ) ∧ ιY (ϕ) ∧ ϕ, ∀X,Y ∈ X(M).
The positivity of ϕ is equivalent to the fact that at each point p ∈ M , ϕp can be written
as
(12) ϕp = e
127 + e347 + e567 + e135 − e146 − e236 − e245,
with respect to some basis {e1, . . . , e7} of TpM .
We start by recalling that the torsion forms of a G2-structure ϕ on a manifold M are
the components of the intrinsic torsion ∇ϕ, where ∇ is the Levi-Civita connection of the
metric g attached to ϕ. If we set
ψ := ∗ϕ,
then they are defined as the unique differential forms τi ∈ ΩiM , i = 0, 1, 2, 3, such that
(13) dϕ = τ0ψ + 3τ1 ∧ ϕ+ ∗τ3, dψ = 4τ1 ∧ ψ + τ2 ∧ ϕ,
and they are given by (see e.g., [MOV, (4)]),
(14)
τ0 =
1
7 ∗ (dϕ ∧ ϕ), τ1 = − 112 ∗ (∗dϕ ∧ ϕ),
τ2 = − ∗ dψ + 4 ∗ (τ1 ∧ ψ), τ3 = ∗dϕ − τ0ϕ− 3 ∗ (τ1 ∧ ϕ).
Let gA,B,C be the solvable Lie algebra with basis {e1, . . . , e7} such that a := 〈e7, e1, e2〉
is abelian, n := 〈e3, e4, e5, e6〉 is an abelian ideal and in terms of the basis {e3, . . . , e6},
ad e7|n = A, ad e1|n = B, ad e2|n = C, A,B,C ∈ sl4(R).
Note that the Jacobi condition holds if and only if A,B,C pairwise commute. Thus the
corresponding simply connected solvable Lie group GA,B,C is isomorphic to our group GJ
if and only if {A,B,C} is linearly independent and simultaneously diagonalizes over R,
that is, 〈A,B,C〉 is a maximal R-split torus of sl4(R). Such triples of matrices will be
called compatible.
We consider the left-invariant G2-structure defined on each GA,B,C by the positive 3-
form ϕ given in (12) (the basis {e1, . . . , e7} is orthonormal and oriented with respect to the
inner product 〈·, ·〉 determined by ϕ). Each triple of commuting matrices is therefore iden-
tified with the G2-structure (GA,B,C , ϕ), which in the compatible case is (equivariantly)
equivalent to the left-invariant G2-structure on GJ defined by h
∗ϕ, where h : GJ → GA,B,C
is any Lie group isomorphism (see Section 4.1 below). In this way, a large family of G2-
structures on GJ is what one is really exploring by varying all compatible triples. This
point of view is often called the moving-bracket approach (see e.g., [L2, L5]).
4.1. Equivalence. Two G2-structures (M,ϕ) and (M
′, ϕ′) are said to be equivalent if
there is a diffeomorphism f : M → M ′ such that ϕ = f∗ϕ′, and in the case when M,M ′
are Lie groups and the structures are left-invariant, they are called equivariantly equivalent
if in addition f is a Lie group isomorphism. Let us recall two key results concerning
equivalence of left-invariant metrics.
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Theorem 4.1. [A, Theorem 1] [GW, Theorem 5.2] If two simply connected completely
solvable Lie groups endowed with left-invariant Riemannian metrics are isometric, then
there exists an isomorphism between the Lie groups which is an isometry (i.e., they are
equivariantly isometric).
Theorem 4.2. [GW, Theorem 4.3] Any isometry fixing the identity element of a simply
connected completely solvable and unimodular Lie group endowed with a left-invariant
Riemannian metric is an automorphism of the Lie group.
Since any equivalence between G2-structures is also an isometry between the corre-
sponding attached metrics, it follows from Theorem 4.1 that two equivalent simply con-
nected completely solvable Lie groups endowed with left-invariant G2-structures (G,ϕ) and
(G′, ϕ′) must be isomorphic. Moreover, if the groups G and G′ are in addition unimod-
ular, then two equivalent (G,ϕ) and (G′, ϕ′) are automatically equivariantly equivalent
by Theorem 4.2. Indeed, the equivalence f : (G,ϕ) → (G′, ϕ′) can be assumed to satisfy
f(e) = e′ by left-invariance and if h : G → G′ is the Lie group isomorphism provided by
Theorem 4.1, then the isometry fh−1 of (G′, 〈·, ·〉′) is necessarily an automorphism of G′
by Theorem 4.2, from which it follows that f : G→ G′ is an isomorphism.
In other words, the two notions of equivalence and equivariant equivalence coincide
among the class of left-invariant G2-structures on unimodular completely solvable Lie
groups.
Consider the 14-dimensional compact simple Lie group
G2 := {h ∈ GL7(R) : h∗ϕ = ϕ} ⊂ SO(7).
Any Lie group isomorphism f : G→ G′ such that, after identifying the underlying vector
spaces of the respective Lie algebras, h := df |e ∈ G2, therefore determines an equivalence
between the corresponding left-invariant G2-structures (G,ϕ) and G
′, ϕ).
Since GJ is completely solvable and unimodular, it follows from the results in [A, GW]
described above that two compatible (GA,B,C , ϕ) and (GA′,B′,C′ , ϕ) are equivalent if and
only if there exists an isomorphism h : gA,B,C → gA′,B′,C′ such that h ∈ G2. Being n the
nilradical of both Lie algebras, we have that h(n) = n and so h(a) = a as well. It is well
known that h2 := h|n has determinant one and that actually for any h2 ∈ SO(4) there
exists h1 ∈ SO(3) such that
h :=
[
h1 0
0 h2
]
∈ G2.
(See e.g., [VM]). Thus two compatible (GA,B,C , ϕ) and (GA′,B′,C′ , ϕ) are equivalent if and
only if there is an h2 ∈ SO(4) such that
A′ = x11h2Ah
−1
2 + x21h2Bh
−1
2 + x31h2Ch
−1
2 ,
B′ = x12h2Ah
−1
2 + x22h2Bh
−1
2 + x32h2Ch
−1
2 , h
−1
1 = [xij ],(15)
C ′ = x13h2Ah
−1
2 + x23h2Bh
−1
2 + x33h2Ch
−1
2
In this section, we will often use the homothety invariant for non-flat homogeneous
metrics defined by
(16) F (g) =
scal2g
tr Ric2g
,
to show that a given explicit one-parameter family of G2-structures is pairwise non-
homothetic. Note that F (g) ≤ 7 and equality holds if and only if g is Einstein, hence
F measures in some sense how far is the metric g from being Einstein (see [L4] for a study
of the behavior of F on homogeneous closed G2-structures).
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4.2. Formulas for the torsion and the Laplacians. In [N1, N2], a much larger class of
Lie groups endowed with G2-structures is studied, including computations of the torsion
forms and the value of the Laplacian at ϕ and ψ. In order to use such formulas, we
introduce the following notation.
We write the positive 3-form given in (12) as
ϕ = ω7 ∧ e7 + ω1 ∧ e1 + ω2 ∧ e2 + e127,(17)
where
ω7 := e
34 + e56, ω1 := e
35 − e46, ω2 := −e36 − e45,
and so
ψ := ∗ϕ = ω7 ∧ e12 + ω1 ∧ e27 − ω2 ∧ e17 + e3456.(18)
Let θ denote the natural representation of sl(n) on Λ2n∗.
Proposition 4.3. [N1, N2] For each G2-structure (GA,B,C , ϕ), the following formulas
hold:
dϕ =(θ(B)ω7 − θ(A)ω1) ∧ e17 + (θ(C)ω7 − θ(A)ω2) ∧ e27(19)
+ (θ(B)ω2 − θ(C)ω1) ∧ e12,
∗dϕ =(θ(Bt)ω7 − θ(At)ω1) ∧ e2 − (θ(Ct)ω7 − θ(At)ω2) ∧ e1(20)
− (θ(Bt)ω2 − θ(Ct)ω1) ∧ e7,
∗d ∗ dϕ = (θ(Bt)(θ(B)ω7 − θ(A)ω1) + θ(Ct)(θ(C)ω7 − θ(A)ω2)) ∧ e7(21) (
θ(Bt)(θ(B)ω2 − θ(C)ω1)− θ(At)(θ(C)ω7 − θ(A)ω2)
) ∧ e2(−θ(Ct)(θ(B)ω2 − θ(C)ω1)− θ(At)(θ(B)ω7 − θ(A)ω1)) ∧ e1,
dψ =(θ(A)ω7 + θ(B)ω1 + θ(C)ω2) ∧ e127,(22)
∗dψ =− (θ(At)ω7 + θ(Bt)ω1 + θ(Ct)ω2) ,(23)
d ∗ dψ =− (θ(A)θ(At)ω7 + θ(A)θ(Bt)ω1 + θ(A)θ(Ct)ω2) ∧ e7(24)
− (θ(B)θ(At)ω7 + θ(B)θ(Bt)ω1 + θ(B)θ(Ct)ω2) ∧ e1
− (θ(C)θ(At)ω7 + θ(C)θ(Bt)ω1 + θ(C)θ(Ct)ω2) ∧ e2.
Remark 4.4. These formulas are valid for any triple of commuting traceless matrices
A,B,C beyond compatibilty, which give rise to G2-structures on many other Lie groups
GA,B,C not isomorphic to GJ .
It follows from [L1, (25)] that the Ricci operator Ric of (GA,B,C , 〈·, ·〉) is given by
〈Ric a, n〉 = 0, Ric |n = 12 [A,At] + 12 [B,Bt] + 12 [C,Ct] and
(25) Ric |a = −
[
trS(A)2 trS(A)S(B) trS(A)S(C)
trS(A)S(B) trS(B)2 trS(B)S(C)
trS(A)S(C) trS(B)S(C) trS(C)2
]
.
In particular, Ric ≤ 0 as soon as the three matrices are normal, and by [L1, Theorem 4.8],
in the compatible case, (GA,B,C , 〈·, ·〉) is a solvsoliton (or expanding Ricci soliton) if and
only if A,B,C are all normal matrices and Ric |a = cI for some c ∈ R.
4.3. Diagonal case. The subgroup SO(4) ⊂ G2 mentioned in Section 4.1 can be used to
show the following.
Lemma 4.5. If A,B,C are all symmetric, then (GA,B,C , ϕ) is equivalent to (GA1,B1,C1 , ϕ)
for some diagonal matrices A1, B1, C1 ∈ sl4(R).
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Proof. There exists h ∈ G2 such that if we set h2 := h|n ∈ SO(4), then A1 = h2Ah−12 , B1 =
h2Bh
−1
2 and C1 = h2Ch
−1
2 are all diagonal matrices. Thus the isomorphism GA,B,C →
GA2,B2,C2 defined by h, where A2, B2, C2 are the linear combinations of A1, B1, C1 deter-
mined by (h|a)−1 as in (15), determines an equivariant equivalence between the corre-
sponding left-invariant G2-structures, concluding the proof. 
Remark 4.6. According to (15), each equivalence class in
{(GA,B,C , ϕ) : A,B,C are linearly independent diagonal matrices}
has only finitely many elements. Indeed, h2 must belong to
NSO(4)(a) := {h ∈ SO(4) : hah−1 ⊂ a} ⊂ S4 ⋉ Z42,
where a ⊂ sl4(R) is the subspace of all diagonal matrices.
We next focus on the case when the matrices A,B,C are all diagonal. We consider the
orthogonal basis of Λ2n∗ defined by
(26) B := {ω7, ω1, ω2, ω7, ω1, ω2},
where ωi is as in (17) and
ω7 := e
34 − e56, ω1 := e35 + e46, ω2 := −e36 + e45.
Note that the norm of every element in B is √2, ∗4ωi = ωi, ∗4ωi = −ωi for all i and
ωi ∧ ωj = ωi ∧ ωj = ωi ∧ ωj = 0, ∀i 6= j.
The following formulas follow in a straightforward way from Proposition 4.3 and the
fact that with respect to the ordered bases {e3, . . . , e6} and B of n and Λ2n∗, respectively,
(27) θ (Diag(x1, x2, x3, x4)) = −


x1+x2
0 x1+x3
x1+x4
x1+x2
x1+x3 0
x1+x4

 ,
provided that x1 + · · ·+ x4 = 0.
Proposition 4.7. For each G2-structure (GA,B,C , ϕ) with A,B,C ∈ sl4(R) diagonal ma-
trices, say
A := Diag(a1, a2, a3, a4), B := Diag(b1, b2, b3, b4), C := Diag(c1, c2, c3, c4),
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for some ai, bi, ci ∈ R, one has that
dϕ =(−(b1 + b2)ω7 + (a1 + a3)ω1) ∧ e17 + (−(c1 + c2)ω7 + (a1 + a4)ω2) ∧ e27(28)
+ (−(b1 + b4)ω2 + (c1 + c3)ω1) ∧ e12,
∗dϕ =(−(b1 + b2)ω7 + (a1 + a3)ω1) ∧ e2 − (−(c1 + c2)ω7 + (a1 + a4)ω2) ∧ e1(29)
− (−(b1 + b4)ω2 + (c1 + c3)ω1) ∧ e7,
∗d ∗ dϕ =(((b1 + b2)2 + (c1 + c2)2)ω7 − (b1 + b3)(a1 + a3)ω1(30)
− (c1 + c4)(a1 + a4)ω2
) ∧ e7
+
(
((b1 + b4)
2 + (a1 + a4)
2)ω2 − (b1 + b3)(c1 + c3)ω1
− (a1 + a2)(c1 + c2)ω7
) ∧ e2
+
(− (c1 + c4)(b1 + b4)ω2 + ((c1 + c3)2 + (a1 + a3)2)ω1
− (a1 + a2)(b1 + b2)ω7
) ∧ e1,
dψ =− ((a1 + a2)ω7 + (b1 + b3)ω1 + (c1 + c4)ω2) ∧ e127,(31)
∗dψ =(a1 + a2)ω7 + (b1 + b3)ω1 + (c1 + c4)ω2,(32)
d ∗ dψ =− ((a1 + a2)2ω7 + (a1 + a3)(b1 + b3)ω1 + (a1 + a4)(c1 + c4)ω2) ∧ e7(33)
− ((a1 + a2)(b1 + b2)ω7 + (b1 + b3)2ω1 + (b1 + b4)(c1 + c4)ω2) ∧ e1
− ((a1 + a2)(c1 + c2)ω7 + (c1 + c3)(b1 + b3)ω1 + (c1 + c4)2ω2) ∧ e2.
We deduce from (14), (17), (28) and (29) the following (recall that ωi ∧ ωj = 0 for all
i, j).
Corollary 4.8. Any G2-structure (GA,B,C , ϕ) with A,B,C ∈ sl4(R) diagonal matrices
satisfies that,
τ0 = 0, τ1 = 0, τ2 = − ∗ dψ, τ3 = ∗dϕ.
Remark 4.9. All these G2-structures therefore belong to the class W2 ⊕ W3, which has
been characterized in [ACFH] as those G2-structures whose corresponding unit spinor is
harmonic.
Remark 4.10. It follows from Remark 4.6 that each of these G2-structures (GA,B,C , ϕ)
with A,B,C diagonal and linearly independent belongs to a 9-parameter open subfamily
which is pairwise non-equivalent.
We can also use Proposition 4.7 to compute the Laplacians
∆ϕ = ∗d ∗ dϕ− d ∗ dψ and ∆ψ = − ∗ d ∗ dψ + d ∗ d ∗ ψ = ∗∆ϕ.
Corollary 4.11. For any G2-structure (GA,B,C , ϕ), where A,B,C ∈ sl4(R) are diagonal
matrices, one has that
∆ϕ =
(
(a1 + a2)
2 + (b1 + b2)
2 + (c1 + c2)
2
)
ω7 ∧ e7
+
(
(a1 + a3)
2 + (b1 + b3)
2 + (c1 + c3)
2
)
ω1 ∧ e1(34)
+
(
(a1 + a4)
2 + (b1 + b4)
2 + (c1 + c4)
2
)
ω2 ∧ e2.
∆ψ =
(
(a1 + a2)
2 + (b1 + b2)
2 + (c1 + c2)
2
)
ω7 ∧ e12
+
(
(a1 + a3)
2 + (b1 + b3)
2 + (c1 + c3)
2
)
ω1 ∧ e27(35)
− ((a1 + a4)2 + (b1 + b4)2 + (c1 + c4)2)ω2 ∧ e17.
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4.4. Closed G2-structures. The following 3-parameter family of closed G2-structures
(i.e., dϕ = 0) was found and studied in [L3].
Example 4.12. Consider (GA0,B0,C0 , ϕ) for
A0 := Diag(a, a,−a,−a), B0 := Diag(b,−b, b,−b), C0 := Diag(c,−c,−c, c),
where a, b, c ∈ R, which we will denote by (Ga,b,c, ϕ) from now on. It follows from (28)
that (Ga,b,c, ϕ) is always closed and it was proved in [L3] that the following conditions
are equivalent provided that a ≥ b ≥ c > 0 (in particular Ga,b,c is isomorphic to GJ) and
a2 + b2 + c2 = 3:
• (Ga,b,c, ϕ) is extremally Ricci pinched.
• (Ga,b,c, ϕ) is a (steady) Laplacian soliton, i.e., dτ2 = LXϕ for some vector field X.
• (Ga,b,c, 〈·, ·〉) is an (expanding) Ricci soliton.
• (Ga,b,c, ϕ) is quadratic (i.e., dτ = 17(1 + q)|τ |2ϕ+ q ∗ (τ ∧ τ) for some q ∈ R).
• F (a, b, c) := F ((Ga,b,c, 〈·, ·〉)) = 3 (see (16)). It follows from (25) that F (a, b, c) ≤ 3 for
all a, b, c.
• a = b = c = 1.
Furthermore, all the Laplacian flow solutions ϕ(t) (i.e., ∂∂tϕ(t) = ∆ϕ(t)) starting at the
closed G2-structure on GJ determined by any element of this family are immortal and
satisfy that (24)−3/2|τ2(t)|3tϕ(t) smoothly converges up to pull-back by diffeomorphisms
to the Laplacian soliton on GJ defined by (G1,1,1, ϕ) as t→∞.
The diagonal closed case is exhausted by the above example.
Proposition 4.13. If A,B,C are all diagonal, then (GA,B,C , ϕ) has dϕ = 0 if and only
if it is equal to (Ga,b,c, ϕ) for some a, b, c ∈ R (see Example 4.12). In that case, ∆ϕ = dτ2
and
τ2 =− 2aω7 − 2bω1 − 2cω2,
∆ϕ =dτ2 = 4a
2ω7 ∧ e7 + 4b2ω1 ∧ e1 + 4c2ω2 ∧ e2.
Proof. The first statement easily follows from (28) and (27) and the formulas for τ2 and
dτ2 from (32) and (33), respectively. 
In the general case, it follows from (19) that (GA,B,C , ϕ) is closed if and only if
θ(B)ω7 = θ(A)ω1, θ(C)ω7 = θ(A)ω2, θ(B)ω2 = θ(C)ω1.
It is easy to see that this holds if and only if the matrices of θ(A), θ(B), θ(C) with respect
to the basis B given in (26) have respectively the form


a14 a15 a16
A1 a24 a25 a26
a34 a35 a36
a14 a24 a34
a15 a25 a35 0
a16 a26 a36

 ,


a15 b15 b16
B1 a25 b25 b26
a35 b35 b36
a15 a25 a35
b15 b25 b35 0
b16 b26 b36

 ,


a16 b16 c16
C1 a26 b26 c26
a36 b36 c36
a16 a26 a36
b16 b26 b36 0
c16 c26 c36

 ,
for some skew-symmetric 3 × 3 matrices A1, B1, C1. We do not know if A1, B1, C1 must
all necessarily vanish in the compatible case. If this was true, then it would follow from
Lemma 4.5 and Proposition 4.13 that any closed (GA,B,C , ϕ) with GA,B,C isomorphic to GJ
is equivalent to some (Ga,b,c, ϕ). Otherwise, these triples may provide new G2-structures
that are not equivalent to any (Ga,b,c, ϕ).
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4.5. Coclosed G2-structures. We now use the formulas in Proposition 4.7 to study the
coclosed case (i.e., dψ = 0).
Proposition 4.14. Assume that A,B,C are all diagonal . Then (GA,B,C , ϕ) satisfies that
dψ = 0 if and only if
A = Diag(a1,−a1, a2,−a2), B = Diag(b1, b2,−b1,−b2), C = Diag(c1, c2,−c2,−c1),
for some ai, bi, ci ∈ R. In that case, ∆ϕ = d∗dϕ, ∆ψ = dτ3 = ∗∆ϕ and
τ3 =(−(b1 + b2)ω7 + (a1 + a2)ω1) ∧ e2 + ((c1 + c2)ω7 − (a1 − a2)ω2) ∧ e1(36)
+ ((b1 − b2)ω2 − (c1 − c2)ω1) ∧ e7,
∆ϕ =
(
(b1 + b2)
2 + (c1 + c2)
2
)
ω7 ∧ e7 +
(
(b1 − b2)2 + (a1 − a2)2
)
ω2 ∧ e2(37)
+
(
(c1 − c2)2 + (a1 + a2)2
)
ω1 ∧ e1,
∆ψ =
(
(b1 + b2)
2 + (c1 + c2)
2
)
ω7 ∧ e12 −
(
(b1 − b2)2 + (a1 − a2)2
)
ω2 ∧ e17(38)
+
(
(c1 − c2)2 + (a1 + a2)2
)
ω1 ∧ e27.
Remark 4.15. By Remark 4.10, for each of these coclosed G2-structures (GA,B,C , ϕ) with
A,B,C diagonal and linearly independent there is an open neighborhood (depending on
6 parameters) which is pairwise non-equivalent.
Proof. By using (31) and (27), it can be easily shown that the matrices must have that
form. On the other hand, the formulas for τ3, ∆ϕ and ∆ψ = ∗∆ϕ follow from (29) and
(30), respectively. 
Proposition 4.14 is therefore providing a family of coclosed G2-structures depending on
six parameters (a1, . . . , c2). Recall that one of these (GA,B,C , ϕ), which will be denoted by
(G(a1,...,c2), ϕ)
from now on, is identified with a coclosed G2-structure on GJ if and only if {A,B,C} is
linearly independent (or compatible). Note that such condition defines an open and dense
subset of R6.
It follows from (25) that the Ricci operator Ric of such (G(a1,...,c2), 〈·, ·〉) is given by
Ric |n = 0, Ric a ⊂ a and
(39) Ric |a = −
[
2(a2
1
+a2
2
) (a1−a2)(b1−b2) (a1+a2)(c1−c2)
(a1−a2)(b1−b2) 2(b21+b22) (b1+b2)(c1+c2)
(a1+a2)(c1−c2) (b1+b2)(c1+c2) 2(c21+c22)
]
.
In particular, the following conditions are equivalent:
• (G(a1,...,c2), 〈·, ·〉) is torsion-free (see (36)).
• (G(a1,...,c2), 〈·, ·〉) is Ricci flat (or flat).
• a1 = · · · = c2 = 0.
4.6. Laplacian coflow solitons. Natural ways to evolve coclosed G2-structures on a
given manifold M are the Laplacian coflow, defined by
∂
∂tψ(t) = ∆ψ(t),
and the modified Laplacian coflow given by
∂
∂tψ(t) = ∆ψ(t) + 2d
(
(m− tr T )ϕ(t)), m ∈ R,
where T is the (full) torsion tensor (i.e., ιT (X)ψ = ∇Xϕ). We refer to the survey [G] and
the references therein for more information. AG2-structure ψ flows self-similarly according
to the Laplacian coflow (resp. modified Laplacian coflow) if and only if ∆ψ = λψ + LXψ
(resp. ∆ψ + 2d
(
(m− trT )ϕ) = λψ + LXψ) for some λ ∈ R and X ∈ X(M), and in that
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case it is called a (modified) Laplacian coflow soliton. We refer to [BFF, BF, KMT, MS]
for examples of (modified) Laplacian coflow solitons in diverse contexts.
On a simply connected Lie group G, left-invariant self-similar solutions to these flows
are provided by algebraic solitons (see [L2, L5]), i.e.,
(40) ∆ψ = λψ + θ(D)ψ, λ ∈ R, D ∈ Der(g), Dt = D.
One has here that θ(D)ψ = −LXDψ, where XD is the vector field on G defined by the
one-parameter subgroup of automorphisms of G with derivatives etD ∈ Aut(g). Note that
∆ψ must be replaced by ∆ψ + 2d
(
(m − trT )ϕ) in order to get algebraic solitons for the
modified Laplacian coflow.
In what follows, we study the (modified) Laplacian coflow and its solitons on the 6-
parameter family of coclosed G2-structures (G(a1,...,c2), ϕ) given in Proposition 4.14.
Proposition 4.16. If {A,B,C} is linearly independent, then (G(a1,...,c2), ϕ) is an algebraic
soliton for the Laplacian coflow if and only if
(c1 + c2)
2 = (a1 − a2)2 − 4b1b2, (c1 − c2)2 = (b1 − b2)2 − 4a1a2;
in that case, λ = 2
(
(a1 − a2)2 + (b1 − b2)2
)
> 0. Furthermore, (G(a1 ,...,c2), ϕ) is never an
algebraic soliton for the modified Laplacian coflow.
Remark 4.17. For each 4-tuple (a1, a2, b1, b2), there is at least one and at most four so-
lutions (c1, c2) to the above soliton equations. This therefore provides a pairwise non-
homothetic (see Remark 4.15) 3-parameter family of expanding Laplacian coflow solitons
on the Lie group GJ , whose corresponding Laplacian coflow solutions are therefore defined
for t ∈ (T,∞) for some T < 0. If {A,B,C} is linearly dependent and satisfies the condi-
tion in the proposition, then (G(a1 ,...,c2), ϕ) is still an algebraic soliton but on a different
Lie group.
Remark 4.18. The corresponding coclosed G2-structures on a compact quotientM = GJ/Γ
by a lattice Γ are not Laplacian coflow solitons on M , since the vector field XD never
descends to M . However, the Laplacian coflow solutions do descend to M to become
immortal ‘locally self-similar’ solutions in a sense.
Proof. We first note that the space of symmetric derivations of the Lie algebra of G(a1,...,c2)
is given by
D = Diag(0, 0, 0, d3, d4, d5, d6), di ∈ R.
It follows from (38) that the algebraic soliton equation ∆ψ = λψ+ θ(D)ψ is equivalent to
(41)


rω7 = λω7 + (d3 + d4)e
34 + (d5 + d6)e
56,
sω2 = λω2 + (d3 + d6)e
36 + (d4 + d5)e
45,
tω1 = λω1 + (d3 + d5)e
35 − (d4 + d6)e46,
λ+ d3 + · · ·+ d6 = 0,
for certain positive numbers r, s, t. The solutions to this system are precisely
d3 = · · · = d6 = d, r = s = t = λ+ 2d, λ = −4d,
which implies that λ = 2r > 0. The equations in the proposition correspond to r = s = t.
On the other hand, the algebraic soliton equation ∆ψ+2d
(
(m−trT )ϕ) = λψ+θ(D)ψ for
the modified Laplacian coflow adds an extra term to each of the three first equations in (41)
given by certain linear combinations of ωi’s (see (28)). Thus such three linear combinations
must vanish if m− tr T = m− 74τ0 = m is nonzero, yielding to a contradiction. 
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According to (39) and [L1, Theorem 4.8], (G(a1,...,c2), 〈·, ·〉) is a solvsoliton (i.e., Ric =
λI +D for some λ ∈ R and D ∈ Der(g)) if and only if either
(42) a2 = a1, b2 = −b1, c2 = c1, a21 = b21 = c21,
or,
(43) a2 = −a1, b2 = b1, c2 = −c1, a21 = b21 = c21.
Note that in both cases, (G(a1 ,...,c2), ϕ) is also a Laplacian coflow soliton with λ = 8a
2
1 by
Proposition 4.16.
The following example is in some sense the coclosed counterpart of the family of closed
G2-structures (Ga,b,c, ϕ) studied in [L3] (see Example 4.12).
Example 4.19. Consider the coclosed G2-structures (G(a1 ,...,c2), ϕ) such that
a2 = a1, b2 = −b1, c2 = c1,
which we denote by (G(a1 ,b1,c1), ϕ). According to Proposition 4.14,
τ3 =2a1ω1 ∧ e2 + 2c1ω7 ∧ e1 + 2b1ω2 ∧ e7,
∆ϕ =4c21ω7 ∧ e7 + 4b21ω2 ∧ e2 + 4a21ω1 ∧ e1,
∆ψ =4c21ω7 ∧ e12 − 4b21ω2 ∧ e17 + 4a21ω1 ∧ e27.
On the other hand, the Ricci operator is given by
(44) Ric = Diag(−4a21,−4b21,−4c21, 0, 0, 0, 0),
with respect to the basis {e7, e1, . . . , e6} (see (39)), showing that the family{
(G(a1,b1,1), ϕ) : a1 ≥ b1 ≥ 1
}
is pairwise non-homothetic as the corresponding metrics are pairwise non-homothetic. The
following conditions are therefore equivalent:
• (G(a1,b1,c1), ϕ) is a Laplacian coflow soliton.
• (G(a1,b1,c1), 〈·, ·〉) is a solvsoliton.
• F (a1, b1, c1) = 3 (see (16)).
• a21 = b21 = c21 (cf. (42)).
It follows from (44) that F (a1, b1, c1) ≤ 3, that is, the Laplacian coflow solitons are the
only global maxima of F .
Example 4.20. Curve of solitons containing (42). According to Proposition 4.16, the
coclosed G2-structure
(a1, a2, 1,−1, c1, c2), a21 + a22 = 2,
is a Laplacian coflow soliton provided that
(c1 + c2)
2 = 2(3 − a), (c1 − c2)2 = 4(1 − a), a := a1a2.
It follows from (39) that,
F (a) =
9(3− a)2
5a2 − 34a+ 41 , and so F
′(a) =
36(3 − a)(a+ 5)
(5a2 − 34a+ 41)2 .
Thus F is strictly increasing for −1 ≤ a ≤ 1, which corresponds to a1 ∈ [1,
√
2] and
a2 = ±
√
2− a21 ∈ [−1, 1]. We therefore obtain that this gives an explicit pairwise non-
homothetic family of Laplacian coflow solitons on GJ , which coincides with (42) at a = 1
(i.e., a1 = a2 = 1). Note that 1.8 = F (−1) ≤ F (a) ≤ F (1) = 3 for any a ∈ [−1, 1].
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4.7. Laplacian coflow evolution. We study in this section the behavior of the Laplacian
coflow among the 6-parameter family of cocolosed G2-structures (G(a1,...,c2), ϕ) given in
Proposition 4.14 by using the bracket flow approach (see [L2, Section 3.3] or [L5] for more
information).
Given the Lie bracket of g(a1,...,c2), µ = µ(a1, a2, b1, b2, c1, c2), we set
r := (b1 + b2)
2 + (c1 + c2)
2, s := (b1 − b2)2 + (a1 − a2)2, t := (c1 − c2)2 + (a1 + a2)2.
It follows from (38) that ∆ψ = θ(Qµ)ψ, where
Qµ =
1
2 Diag(−r + s+ t, r + s− t, r − s+ t, 0, 0, 0, 0),
and so a straightforward computation gives that the bracket flow
µ′ = θ(Qµ)µ := Qµµ(·, ·)− µ(Qµ·, ·)− µ(·, Qµ·),
is equivalent to the following ODE system:

a′1 = −12(−r + s+ t)a1, a′2 = −12(−r + s+ t)a2,
b′1 = −12(r + s− t)b1, b′2 = −12(r + s− t)b2,
c′1 = −12(r − s+ t)c1, c′2 = −12(r − s+ t)c2,
which is in turn given by
(45)


a′i =
(−(a21 + a22) + 2b1b2 + 2c1c2)ai, i = 1, 2,
b′i =
(−(b21 + b22) + 2a1a2 − 2c1c2) bi, i = 1, 2,
c′i =
(−(c21 + c22)− 2a1a2 − 2b1b2) ci, i = 1, 2.
We first observe that it is not possible to prove long-time existence (i.e., the solution
is defined for all t ∈ [0,∞), also called immortal solutions) for all the solutions of (45)
by showing that the square norm function N := a21 + · · · + c22 is always non-increasing,
since this is not the case. Indeed, an easy computation gives that N ′ > 0 at any point
(a, a, 1,−1, c,−c) such that c > 1 and a is sufficiently small.
We next show long-time existence among two different subfamilies.
Example 4.21. Long-time existence I. It follows from (45) that the 3-parameter family of
coclosed G2-structures considered in Example 4.19,
(a, a, b,−b, c, c) ,
is invariant for the Laplacian coflow and the evolution is given by
(46)


a′ =
(−2a2 − 2b2 + 2c2) a,
b′ =
(−2b2 + 2a2 − 2c2) b,
c′ =
(−2c2 − 2a2 + 2b2) c.
It is easy to see that the derivative of the square norm N := a2 + b2 + c2 satisfies that
1
2N
′ = −2(a4 + b4)− 4c4 + 2c2(a2 − b2) + 4c2(b2 − a2)
= −b4 − c4 + 2b2c2 + (−2a2 − b4 − 3c4 − 2a2c2) ≤ 0.
Thus N is strictly decreasing unless a = b = c = 0, the only critical point of the ODE (46).
In particular, any solution stays in a compact subset and so it is defined for all t ∈ [0,∞).
Example 4.22. Long-time existence II. The 4-parameter family of coclosed G2-structures
(a, a, b, b, c1, c2) ,
is also invariant for the Laplacian coflow by (45), which is equivalent to
(47)


a′ =
(−2a2 + 2b2 + 2c1c2) a,
b′ =
(−2b2 + 2a2 − 2c1c2) b,
c′i =
(−(c21 + c22)− 2a2 − 2b2) ci, i = 1, 2.
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The function N := a2 + b2 + c21 + c
2
2 therefore has
1
2N
′ ≤ −2(a4 + b4)− (c21 + c22)2 + 4a2b2 − 2a2(c21 + c22 − c1c2)− 2b2(c21 + c22 + c1c2)
≤ −2(a2 − b2)2 − (c21 + c22)2 ≤ 0,
and so N is strictly decreasing unless a2 = b2 and c1 = c2 = 0, which are precisely the
critical points of the flow. Thus all these solutions are immortal and it follows from [L2,
Theorem 3.8] or [L5, Corollary 6.5] that (a, a, a, a, 0, 0) is a steady Laplacian coflow soliton
(on a Lie group different from GJ).
The bracket flow can also be used to study the convergence behavior of solutions (see
[L2, Corollary 3.6]).
Example 4.23. Convergence to solitons I. We analyze here the behavior at infinity of the
3-parameter family in Example 4.21. It was shown in Example 4.19 that (1, 1, 1) is the
only Laplacian coflow soliton among a, b, c > 0, a2+ b2+ c2 = 3. By applying the method
of projecting solutions on the Poincare´ sphere (see, e.g., [P, Section 3.10, Theorems 4 and
5]), it is not hard to see that any positive solution to (46) satisfies that
√
3√
a2+b2+c2
(a, b, c)→ (1, 1, 1).
It follows from [L2, Corollary 3.6] that any Laplacian coflow flow solution ϕ(t) starting
at one of these coclosed G2-structures on GJ satisfies that u0|τ3(t)|3tϕ(t) (for some con-
stant u0 > 0) smoothly converges up to pull-back by diffeomorphisms, as t → ∞, to the
Laplacian coflow soliton on GJ defined by (1, 1, 1).
Example 4.24. Convergence to solitons II. We finally consider the 3-parameter family
(a, a, b, b, c, c) ,
which is a subfamily of Example 4.22, it is invariant for the Laplacian coflow and the
evolution is given by
(48)


a′ = 2
(−a2 + b2 + c2) a,
b′ = 2
(−b2 + a2 − c2) b,
c′ = 2
(−c2 − a2 − b2) c.
Concerning convergence, the fact that there are no compatible (i.e., a, b, c 6= 0) Laplacian
coflow solitons in this family by Proposition 4.16 is particularly interesting. Where are
the solutions heading? What one obtains from the Poincare´ sphere method is that the
possible limits of normalized solutions 1√
a2+b2+c2
(a, b, c) in the first octant are given by
1√
2
(1, 1, 0), (1, 0, 0) and (0, 1, 0). Note that these correspond to steady solitons on Lie
groups which are not isomorphic to GJ . By using that ab is constant in time, we obtain
that all these normalized solutions are converging to the steady soliton 1√
2
(1, 1, 0). It
follows from [L2, Corollary 3.6] that the solution ϕ(t) on GJ smoothly converges up to
pull-back by diffeomorphisms and scaling, as t→∞, to the steady Laplacian coflow soliton
(G(1,1,0), ϕ).
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